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SMCs with extra structure as system models
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Monotone co-design
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G. Zardini: Co-Design of Complex Systems: From Autonomy to Future Mobility Systems.



Uncertainty for SMCs
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Change-of-base replaces hom-objects

X Y N: V=W X Y
o C(X,Y) o —_— o NC(X,Y) o
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N.C (symmetric)
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Enriched category theory

Definition: Given an SMC (V,®, I), a V-category C consists of X Y
. o C(X,Y) o
1. a set of objects Ob(C),
2. hom-objects &
C(A, B) € Ob(V),
3. composition arrows Fxy
capc:C(A,B)®C(B,C)— C(A,0),
4. and identity arrows FX FY
idg: I — C(4, A), e DX,Y) o
satisfying unitality and associativity conditions. D
Definition: A V-functor F: C — D consists of Definition: A V-natural transformation

1. a function F': Ob(C) — Ob(D), 7: F = G consists of components

2. V-arrows F p: C(A, B) — D(FA, FB) Ta: I — D(FA,GA)

that preserve composition and identities. that satisfy the V-naturality condition.



Monoidal functors

Definition: Let (V,®,I) and (W, e, J) be SMCs. A monoidal functor is a functor
N:V — W, along with natural transformations whose components

N.:J — NI
Nyp: NAe NB — N(A® B)

satisfy associativity and unitality conditions.

We call N strict, if N, and N4 p are identities.

We call N symmetric monoidal, if N preserves the symmetry coherence:

NX e NY w NY e NX

N N

NX®Y) NY ® X)
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Change-of-base

N:V—->W
X‘ C(X7Y) .Y : > X. NC(X7Y) .Y
C monoidal functor N.C
V-category W-category

Proposition (Eilenberg & Kelly 1966):
Any monoidal functor N: V — W induces a change-of-base 2-functor N, : Vcat — Wcat
that sends a V-category C to the W-category N.C with

1. objects Ob(N.C) := Ob(C),
2. arrows (N,C)(A, B) := NC(A, B),
3. composition

—

NC(A, B) &y NC(B,C) — N(C(A, B) ®y C(B,C)) —% NC(4,C),

4. identities
N, Nidy



Transferring SMC structure
Definition: A (symmetric) monoidal V-category (C,X, J) is a V-category C with

1.a V-functorX: C® C — C,
2. a unit object J € Ob(C),
3. V-natural isomorphisms

aspc:I— C((ARB)XC,AR (B C)), ra: I — C(ARJ,A),
lA:I%C(A&J,A), (8A7B):I—>C(A&B,B&A),

that satisfy the usual coherence axioms in the underlying category Cj.

Proposition (Cruttwell 2008):

If N: V — W is a symmetric monoidal functor, and C a (symmetric) monoidal V-category,
then N,C is a (symmetric) monoidal W-category with product

N NK
NC(Al,Bl) Qw NC(A2,B2) — N(C(Al,Bl) Xy C(AQ,B2)) — NC(Al X Ag,Bl Bg)

There is a strict (symmetric) monoidal functor .: Cy, — (N.C), between underlying categories.
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Monadic uncertainty

X Y M:V—Y X Y
o (C(X,Y) o —_—— o MC(X,Y) o
C symmetric monoidal M.C
monad
(symmetric) monoidal (symmetric) monoidal
V-category V-category

Definition: A symmetric monoidal monad (M ,n, 1, V) on V consists of

1.amonad (M,n,u)ony,
2. a natural transformation Vxy: MX @ MY - M(X®Y)

such that M is a symmetric monoidal functor with unit n;, and u,n are

monoidal transformations.
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Uncertain design problems

Non-empty powerset monad Interval monad
Powy: Set — Set Int: Pos — Pos
X—{ACX|A#0} (P, )= {[l,u] |l <u}CPxP
Giry monad nx: T — [z, ] px : [l uil, [l uo)] = [l us)

D: Meas — Meas
X +— {probability measures on X} Vxy: ([lwl, [l2, u2]) = [(I1,l2), (u1, u2)]

Lemma: There is a strict symmetric monoidal functor % : Pos — Meas

that assigns each poset the o-algebra generated by its upper sets.
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Imprecise graphical models

(Powy).FinStoch has

1. objects: Finite sets X,Y
2. arrows: Non-empty subsets S of
Markov kernels k: X —Y
3. composition:
ToS:={tos|teT,sc S}
4. identities:
idy = {idx}
5. monoidal product

Sl ®S2 = {81 X So | S1 € 51,82 c 52}

We transfer cd-structure by {cpy} and
{delx} along the strict symmetric
monoidal ¢: FinStoch — M.,C

View probabilistic graphical models
as string diagrams in FinStoch.
(Fritz & Klingler 2023, Lorenz & Tull 2023)

(&—® E o ’
T g
B

Bayesian network String diagram in FinStoch

{dely} oS = {dely oS | S & S} = {delx}
shows the result is even a Markov
category.
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Parametric uncertainty
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Partial slice functor

Definition: Given a category W and subcategory i: U — W, the partial slice functor
U/(—): W — cat sends A € Ob(W) to the comma category (i | Aa) whose

1. objects are pairs (U € Ob(Uf), f: i(UU) — A),
2.arrows ¢: (U, f) — (V,g) are U-arrows ¢: U — V satisfying f = g o i(y).
On arrows, U /(—) sends f: A — B to the post-composition functor//f : U/A — U/B.

U/A U/B
A f B uj(-) v Vo wp AU e
® ———p @ > \ / — \ /
® 4 o A
W cat &y
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Partial slice functor

Proposition: Let (W, ®,I) be an SMC and i: Y — W a full strict monoidal subcategory.

The partial slice functorU{/(—): W — cat is monoidal:

1. The functor U /(—)e: 1cat — U /I maps the single object x to the identity id;: I — 1.
2. The natural transformation U /(—), a,: U/A1 x U /Ay — U/(A; ® Ay) maps

® ObjECtSfi: Ui—>AitOf1®f2: U1®U2%A1®A2
® Arrows ¢: f1 — girand ¥: fo — g2 t0 p ® 1.

U/(—) is only symmetric up to the natural invertible 2-cells oy, v, .

U/I Z/{/Al X U/AQ
1cat I ~
Uus(-) o Ui Vi U/(—)aa
* € _ @ > o
s — | id; N .
o [
d cat A 1=1,2

cat
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Parametric uncertainty

Theorem: Let (C,X, J) be a (symmetric) monoidal W-
category and i: U — W a full strict monoidal subcategory.

1.U/(—)«C is a (symmetric) monoidal 2-category.
2. The inclusion 2-functor ¢: Cy — U/(—).C strictly
preserves monoidal products and coherence 1-cells.

X Y —): X Y
. CX,Y) o U/(—): W — cat e U/C(X,Y) o
———————————————
C Full strict m.c?noidal U/(-).C
subcategory i: U — W
(symmetric) monoidal (symmetric) monoidal

W-category 2-category
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Parametric uncertainty

Theorem: Let (C,X, J) be a (symmetric) monoidal W-
category and i: U — W a full strict monoidal subcategory.

1.U/(—)«C is a (symmetric) monoidal 2-category.
2. The inclusion 2-functor ¢: Cy — U/(—).C strictly
preserves monoidal products and coherence 1-cells.

composition (& monoidal product)

Ui s Do ..o 2 o > o
\.‘C/(X,Y) 9 \.‘g(Y,Z) —> \;I‘/C(X,Y)(X)C(Y,Z)
U/C(X,Y) uey,z) e C(X,Z)
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Open reaction networks with coupled rates

Open Petri nets with rates: Csp(Petri,)
(Baez & Courser 2020, Baez & Pollard 2017)
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Put C := Csp(Petri.) and U the full monoidal
subcategory of Set generated by R-,.

Then U /(—).C has

1. objects: finite sets A, B
2. 1-cells: f: Ry — Csp(Petri.)(A4, B)
3. 2-cells: commuting ¢: R%, — RYT,
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We can transfer hypergraph structure via

v f =[x fl.



Open reaction networks with coupled rates

Open Petri nets with rates: Csp(Petri,)
(Baez & Courser 2020, Baez & Pollard 2017)
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Combining monadic and parametric uncertainty

X. C(X.Y Y N:VﬂKIMKIM)cat X. L ,Y .Y
(X,Y) o N
C change-of-base MC(X,Y)
N,C
(symmetric) monoidal | |
W-category (symmetric) monoidal
2-category

Proposition: (standard)
The Kleisli category Kl; of a symmetric monoidal
monad (M, n, u, V) is symmetric monoidal.

The identity-on-objects functor Lys: ¥V — Kl
mapping f — f on is strict symmetric monoidal.
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Parametrized distributions of designh problems

View DP as Pos-enriched and change-of-base: Applications:
N: Pos _> Meas L Klp = Stoch D_/(>) cat 1. Sensitivity / robustness

2. Learn design problems from data

The symmetric monoidal 2-category N,DP has 3. Active learning with surrogates

1. objects: Posets,
2. 1-cells: Markov kernels f: U — DP(X,Y), i

3. 2-cells: commuting Markov kernels ¢: U — V. Cur |g| B

. v € RZO cE Rzo
Transfer compact closed structure via PeRey [ bl
Chassis [ 3 Battery
v f e [x e 8] ZER-----Z;- ...........
0

Markov kernel D ® Cy ® By — DP(RZ, Rxy).
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Parametrized distributions of design problems
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